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WHY IMPORTANT ?

• Tool-tissue interaction realism
• Post interaction deformation

• Behavior of the instruments

• Haptic rendering 

• Boundary conditions
• For both tools and soft tissues

• Interactions between anatomical structures

• Surgical simulator ≠ scripted game
• Limited possible precomputation

• Should allow for mistakes... 

• NEED OF PHYSICS !
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OUTCOME

• Mechanical models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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MECHANICAL MODELS

• Mechanical deformable models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...
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dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive
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1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.
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matrix containing the constraint directions and λ the vector of lagrange multipliers
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relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.
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the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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• Why do we need to discretize ?
• Definition of the Degrees Of Freedom (DOF)
• Several numerical methods
• Finite Element

• Finite Difference

• ...
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Rigid instruments

• 6 DOFs: 3 translation / 3 rotations => 6 equations

• Motion described at the center of Inertia

• Angular position: use of quaternion
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• Mechanical models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Mass, 
Inertia Gravity
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centrifugal
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qr = n.sin(w/2)
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Articulated Models

• 6 DOFs + 1 DOF / articulation

• q,v => generalized coordinates (≠ absolute coordinates)

• Tree-like structure
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• Mechanical models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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Fig. 5 Mappings between the DOFs and the contact points. Left (top to bottom): the internal model

of the liver is based on Finite Element model. A triangular mesh is mapped for collision detection

with the surface. The two contact points found by the collision detection (with the grasper) are

mapped on the collision model. Right (bottom to top): the contact points are also mapped on the

collision model of the grasper. This collision model is a simplification of the grasper shape and is

mapped on the rigid body frames. The motion of these frame is mapped on the state of the joints

which are the independent DOFs of the grasper.

node represents the whole simulation. It contains the two simulated objects, each in a

child node, and components applied to these objects. The rigid object node contains

the independent degrees of freedom of the rigid object, a single moving frame in

this case, and the components which process the associated state vectors (positions,

forces, etc.), here only the mass. Collision spheres are attached to the rigid body

using a RigidMapping called sphereMapping, as illustrated in Figure 8. A child node

is required for the sphere centers, first because they are not independent DOFs, but

also due to the different types, frame and points. The deformable object is based

on a single set of simulation nodes, thus only one scenegraph node is necessary to

model it.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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• Several possible application

• Interventional radiology instruments: catheters, guides, coils

• Surgical instruments: flexible needle, suture thread..

• Several possible models

• Beam Theory (6DoFs per nodes: absolute coords) 

• Cosserat Rods (reduced coordinates)

• Spline-based models...  (it depends...)

• Could also be used for anatomical structures

• Ligaments

• Blood vessels
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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• Surgical instruments: flexible needle, suture thread..

• Several possible models

• Beam Theory (6DoFs per nodes: absolute coords) 

• Cosserat Rods (reduced coordinates)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily
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but, as explained above, we can finally justify them by a single problem of accuracy...
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these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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Figure 1.4: A triangular shell element can be defined as a combination of a triangular in-
plane membrane element (left) and a triangular thin plate in bending (right). The different
degrees of freedom v and u of both models are illustrated above.

Triangular elastic membrane

The computation of the triangular elastic membrane stiffness matrix is often detailed in

books related to FEM deformable model, like Przemieniecki (1985). The interpolation

inside the element is linear, and the stiffness matrix Ke can be computed as follows:

Ke =

�

v

JχJTdV (1.16)

where J is a matrix that provides the strain-displacement relation and χ embodies the

material’s behaviour. We assume that the local deformations of each triangle remain

limited during the simulation and a linear constitutive law is sufficiently accurate.

Thus in the simple case of Hooke’s law, assuming the plane stress hypothesis, we have:

χ =
E

(1− ν2)




1 ν 0

ν 1 0

0 0
1
2(1− ν)



 (1.17)

The stiffness matrix in the global frame is eventually obtained using the rotation

matrix of the element: K = RKeR
T
whereR describes the rotation of the (triangular)

element with respect to its initial configuration.

Triangular plate bending: Let’s assume that we have a function of the deflection

uz(x, y) for each point of coordinate (x, y) on the triangle. In the flat-plate theory the

strains are computing by using:

exx = −z
∂2uz

∂x2
eyy = −z

∂2uz

∂y2
exy = −2z

∂2uz

∂x∂y
(1.18)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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Figure 1.4: A triangular shell element can be defined as a combination of a triangular in-
plane membrane element (left) and a triangular thin plate in bending (right). The different
degrees of freedom v and u of both models are illustrated above.

Triangular elastic membrane

The computation of the triangular elastic membrane stiffness matrix is often detailed in

books related to FEM deformable model, like Przemieniecki (1985). The interpolation

inside the element is linear, and the stiffness matrix Ke can be computed as follows:

Ke =

�

v

JχJTdV (1.16)

where J is a matrix that provides the strain-displacement relation and χ embodies the

material’s behaviour. We assume that the local deformations of each triangle remain

limited during the simulation and a linear constitutive law is sufficiently accurate.

Thus in the simple case of Hooke’s law, assuming the plane stress hypothesis, we have:

χ =
E

(1− ν2)




1 ν 0

ν 1 0

0 0
1
2(1− ν)



 (1.17)

The stiffness matrix in the global frame is eventually obtained using the rotation

matrix of the element: K = RKeR
T
whereR describes the rotation of the (triangular)

element with respect to its initial configuration.

Triangular plate bending: Let’s assume that we have a function of the deflection

uz(x, y) for each point of coordinate (x, y) on the triangle. In the flat-plate theory the

strains are computing by using:

exx = −z
∂2uz

∂x2
eyy = −z

∂2uz

∂y2
exy = −2z

∂2uz

∂x∂y
(1.18)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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ing complex, user-controlled interactions between med-
ical devices and anatomical structures that are often de-
formable. This leads to complex interactions which are
unpredictable and discontinuous in time (non smooth
contact problems for instance). Additionally, such sim-
ulations are dynamic by nature, and may involve haptic
feedback and topological changes. Based on these re-
quirements, the choice of an implicit integration scheme
offers the best tradeoff between robustness, stability,
convergence and computation time, in particular when
combined with a GPU implementation. Although this
choice leads to added difficulties compared to an ex-
plicit approach, we show in this paper that it can be at
the center of a framework which addresses all the re-
quirements of interactive simulations.

1.2. Many-cores Architectures

In recent years, the computational hardware available
in high-performance workstations shifted from increas-
ingly efficient but complex sequential computational
units, to smaller units, each not much faster than pre-
vious generations, but duplicated to be able to execute
more threads in parallel. This evolution has taken place
both in the design of CPUs and recent Graphics Process-
ing Units (GPUs). The latest generation of GPUs con-
tains hundreds of computation units (240 in NVIDIA
Geforce 285 GTX, 1600 in ATI Radeon 5870). This rad-
ical architectural change has important consequences on
the type of algorithms which are applicable in interac-
tive simulations.

In terms of programming, general purpose computa-
tions on GPUs initially required the use of graphics-
oriented libraries. Recently, the two major GPU ven-
dors released general programming APIs, CUDA (Nick-
olls et al., 2008) and CTM (Peercy et al., 2006) which
provide direct access to the underlying parallel proces-
sors of the GPU, as well as full instruction sets, such
as double precision computations and write operations
at arbitrary locations. In 2009, a multi-vendor stan-
dard, named OpenCL (Munshi, 2008), was released,
with a programming model very similar to CUDA. In
the following sections we present a series of algorithms
which have been implemented in CUDA. It is relatively
straightforward to also implement them in OpenCL if
necessary.

1.3. Summary of the Contributions

In this article we introduce a suite of methods which
rely on a common underlying model to obtain a coher-
ent answer to the various requirements of an interactive
simulator. For this we choose a non-linear corotational

model with implicit integration (section 2), associated
with a methodology for handling contact and stable hap-
tic rendering (section 3), as well as an efficient approach
to simulate cutting (section 4). Finally we show GPU
implementations of these methods which produce a fast
and stable simulation of soft tissue deformation. These
contributions are illustrated in a simulation of laparo-
scopic hepatectomy (section 5).

2. GPU Implementation of Implicit Deformations

The behaviour of deformable structures such as soft
tissues is described by a constitutive law which needs to
be solved using a numerical technique. As we also con-
sider the dynamics of the bodies, an integration scheme
also needs to be chosen. There is a relatively large gap
between models typically used in the field of biome-
chanics and approaches traditionally chosen to obtain
real-time computation of deformable bodies. An ap-
proach which is gaining a lot of ground in real-time
soft tissue deformation is the combination of linear elas-
tic material with a finite element method (FEM). Al-
though more complex to implement, FEM methods are
the usual choice in biomechanics for numerically solv-
ing the partial differential equations of constitutive laws.
The simplest model is to use a linear stress-strain rela-
tionship. However, such models are not invariant by ro-
tation, i.e. simply rotating an object will create non-null
forces. The co-rotational method, introduced by Felippa
(2000) provides a relatively simple mean to handle large
displacements and geometrical non-linearities.
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2.1. Equations of Motion for Deformable Objects

An expression of the internal and external forces ap-
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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TIME INTEGRATION 
SCHEMES

• From Model to Algorithm...:

• Dynamic equation of 1 point:

• Euler explicit scheme:

• Simulation algorithm
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TIME INTEGRATION 
SCHEMES

• Explicit Methods:

• Conditionnally stable 

• High constraint on the time step used in the simulation

• h ≤ Le/c   (h: time step, Le: Caracterstic lengh of smallest element,  
c: velocity of the deformation wave)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

known from previous time steps
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

unknown
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TIME INTEGRATION 
SCHEMES

• Implicit Methods:

• Unconditionnally stable

• Possible use of «large» time step h in the simulation

• Needs the resolution of a large non-linear problem
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

unknown depends on    and on previous time steps
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.

20 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.

20 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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NON-SMOOTH 
(BIO)-MECHANICS IN 

REAL-TIME

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• Why important ?
• Boundary conditions between anatomical structures 

• Device-tissues interactions 

• Why difficult ?
• Non-smooth events 

• Multi-Contact response 

• Contact: Signorini’s law (linear inequalities)

• Friction: Coulomb’s law (non-linear inequalities)

• Many other interactions...

• Complex anatomical and mechanical links between organs

• Specific interactions for some devices

Example : V- <0 before impact 
and V+ >0 after impact.. between 
them, an very small time step

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION
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• A chaque nouvelle collision: 
• On détermine l’instant du premier impact,
• On arrête l’intégration en temps,
• On résout l’impact,
• On redémarre l’intégration en temps

• Intérêt:
• Entre deux évènements, on respecte la continuité nécessaire 

aux schémas d’intégration « élevés », donc précis.
• Défaut:

• Coûteux en résolution si on a beaucoup de contacts,
• Rebond « infini »… on est obligé de donner un critère d’arrêt

jeudi 3 juillet 2014



EVENT-DRIVEN

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

26

• Collision contre un mur
• Temps de collision tc
• Facteur de restitution e de Newton
• Problème du rebond à l’infini
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• Pas de temps FIXE
• On détecte toutes les collisions apparues durant le pas de temps,
• On résout toutes ces collisions « en même temps »,
• Mouvement « contraint » avec toutes les forces

• Intérêt:
• Plus rapide si il y a beaucoup de contacts,

• Défaut :
• Utilisation de schéma d’intégration d’ordre faible 

    (Forces de contact / impact deviennent des impulsions)
• Pas de temps d’intégration petits
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• Hertz model:
• the strains are small and within the elastic limit,
• each body can be considered an elastic half-space, i.e., the area of contact is 

much smaller than the characteristic radius of the body,
• the surfaces are continuous and non-conforming
• the surfaces are frictionless.
• analytical solutions
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• Signorini’s law
• Complementarity
• Contact betwen soft object and its environment

Non pénétration : 

Pression à la surface :

Complémentarité :
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• Coulomb’s law
• Complementarity too...

✐
✐

✐
✐

✐
✐

✐
✐

0.2. Contact and friction models 3

Dynamic problems often use a velocity formulation of this law. How-

ever, this formulation is valid only during the time of contact:

0 ≤ δ̇n(t) ⊥ fn ≥ 0 if δn(t) = 0 (5)

δ̇n(t) describes the relative velocity between D1 and D2 along n at the

contact point.

Using Signorin’s law, the contact space is only constrained along the

normal, creating frictionless rendering. We now add Coulomb’s friction

law in the tangential contact space.

0.2.2 Coulomb friction law

Coulomb’s friction law describes the macroscopic behavior in the tangent

contact space. In this law, the reaction force is included in a cone which

height and direction is given by the normal force (see fig 2). If the reaction

force is strictly included inside the cone, objects are stuck together, oth-

erwise, the reaction force is on the cone’s border and objects are slipping

along the tangential direction (see figure 2). In this last case, the friction

force must be directed along the direction of motion.

δ̇�T = �0 ⇒ �f�T � < µ �f�n� (stick)

δ̇�T �= �0 ⇒ f�T = −µ �f�n�
δ̇�T

�δ̇�T �
= −µ �f�n� �T (slip)

(6)

Figure 2. Coulomb friction law.

During 3D slipping motion (also called dynamic friction), the tangen-

tial direction is unknown. We only know that the tangential force and

the tangential velocity are opposite along a direction that we will have to

find. It will create a non-linearity in addition to the complementarity state

stick / slip.

Signorini’s and Coulomb’s laws are also valid in a multi-contact case.

However, to solve these laws on every contact, we have to include the

coupling that exists between them. This coupling comes from the intrinsic

mechanical behavior of deformable objects.
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«CONTACT MAPPING»

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• How to build matrix HT ?

• Direction of the contact

• Link between constraint motion and DOFs

• Derivation

• Virtual work principle

• Force =

31

10 Authors Suppressed Due to Excessive Length

Fig. 5 Mappings between the DOFs and the contact points. Left (top to bottom): the internal model
of the liver is based on Finite Element model. A triangular mesh is mapped for collision detection
with the surface. The two contact points found by the collision detection (with the grasper) are
mapped on the collision model. Right (bottom to top): the contact points are also mapped on the
collision model of the grasper. This collision model is a simplification of the grasper shape and is
mapped on the rigid body frames. The motion of these frame is mapped on the state of the joints
which are the independent DOFs of the grasper.

node represents the whole simulation. It contains the two simulated objects, each in a
child node, and components applied to these objects. The rigid object node contains
the independent degrees of freedom of the rigid object, a single moving frame in
this case, and the components which process the associated state vectors (positions,
forces, etc.), here only the mass. Collision spheres are attached to the rigid body
using a RigidMapping called sphereMapping, as illustrated in Figure 8. A child node
is required for the sphere centers, first because they are not independent DOFs, but
also due to the different types, frame and points. The deformable object is based
on a single set of simulation nodes, thus only one scenegraph node is necessary to
model it.
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56 CHAPTER 2. CONSTRAINT-BASED MODEL. OF BIOMECHA. INTERACTIONS

2.2.2 Time stepping for non-smooth dynamics of deformable objects

Let’s suppose that the deformations are non-linear and rely on the Finite Element

Method (as we described in chapter 2) or on any other physics-based model (including

rigid bodies or articulated rigid bodies). The dynamic behavior of mechanical solids

leads to a system of differential equations. In section 1.2.1, we propose a time-stepping

scheme, based on backward Euler intergration and a single linearization of the internal

forces per time step. When using this scheme we obtain the following system:

�
M+ h

δF

δv
+ h2 δF

δq

�

� �� �
A

dv����
x

= −h2 δF

δq
vi − h (fi + pf )

� �� �
b

+ h H
Tλ (2.4)

with the mass M and the internal forces F(q,v) derived from the physics-based model.

q ∈ R
n is the vector of generalized degrees of freedom and v ∈ R

n is the vector of

velocities. fi is the value of F with the positions and velocities at the beginning of the

time step h whereas pf represent the external forces at the end of the step. Finally,

H
T is a matrix that contains the direction of the m constraints and λ ∈ R

m is the

vector of contact forces, that we aim at computing.

From collision or proximity detection, we have a set of potential contact spots α =

1...nc and we can find their associate frame Fα = [nα, tα, sα]. In that space, we will

measure the relative displacement δα and velocity δ̇α between colliding objects in order

to use contact and friction laws. For every contact between two object, we can build a

mapping function A that links the positions in the contact space to the motion space:

δα = Aα(q1, t)− Aα(q2, t) (2.5)

with Aα(q, t) the mapping function which depends on the contact α and the positions

q1 and q2 of the two colliding objects. To obtain a kinematic relation between the

two spaces (contact, motion), we use a linearization of equation (2.5). Note that we

have developed an original and very generic technique, in SOFA, to map the collision

points that is described in section 2.4.2.

If Hα(q) =
∂Aα
∂q , we obtain, at time t for each contact:

δ̇α(t) = Hα(q1)v1(t)−Hα(q2)v2(t) (2.6)

where H corresponds to the transposed of the matrix used in the equation 2.4. For

simplicity, we often take the direction of contact based on the positions at the beginning

of the time step. We suppose that this matrix does not change during the contact

response process: H
Tλf = H(qi)

Tλf . In the following, this matrix H(qi) is noted H

to emphasize that it is constant during the time step.
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• Build and solve (N)LCP 

• Direct solvers (Lemke) vs. iterative (Gauss-Seidel)

• Inputs: W, δfree (and constraints law), Output: λ

• What represents W ?

• Mechanical coupling between constraints

• Footstool example 

• How to compute  W = H A-1HT for non-linear models ?

• Linear model: A-1 can be precomputed 

• A is changing so computing A-1 in real-time is challenging !

0

20

40

60

80

100

0

10

20

30

40

50

60

70

80

90

0

2

4

x 10
!3

0

20

40

60

80

100

0

10

20

30

40

50

60

70

80

90

!2

0

2

x 10
!3

W

2 4 6 8 10 12 14 16 18 20
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

mu = 0.1

Nombre d‘itérations

V
a
le

u
r 

d
u
 c

ri
tè

re
 d

e
 c

o
n
v
e
rg

e
n
c
e

TABLE SANS RENFORT 
TABLE AVEC RENFORTS

2 4 6 8 10 12 14 16 18 20
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

mu = 0.3

Nombre d‘itérations

V
a
le

u
r 

d
u
 c

ri
tè

re
 d

e
 c

o
n
v
e
rg

e
n
c
e

TABLE SANS RENFORT 
TABLE AVEC RENFORTS

2 4 6 8 10 12 14 16 18 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

mu = 0.7

Nombre d‘itérations

V
a
le

u
r 

d
u
 c

ri
tè

re
 d

e
 c

o
n
v
e
rg

e
n
c
e

TABLE SANS RENFORT 
TABLE AVEC RENFORTS

µ

W

34

jeudi 3 juillet 2014



(N)LCP APPROACH

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• Solve (N)LCP 

• Inputs: W, δfree (and constraints law), Output: λ
• Direct solvers 

• pivoting method: Lemke (see Siconos Library)

• LCP <=> QP  and use of QP solver algorithms

• Iterative (block-Gauss-Seidel)

• Block contact+friction

• Iterative solver (slow convergence but it works well !)

35

2.2. COMPUTING NON-SMOOTH MECHANICS IN REAL-TIME 57

2.2.3 Constraint-based response

In the following, we present how the laws of contact (2.2) and friction (2.3) are solved

while taking into account the dynamic equation (1.7) between 2 contacting objects.

To solve these laws, we use a Lagrange Multipliers approach and a single linearization

by time step. For both interacting objects we applied the equation 1.7:

A1dv1 = b1 + hHT
1λ

A2dv2 = b2 + hHT
2λ

(2.7)

In order to solve λ the process is performed by the following steps.

Step 1 : interacting objects are solved independently while setting λ = 0. We obtain

what we call the free motion dv
free
1 and dv

free
2 for each object. After integration, we

obtain q
free
1 and q

free
2 .

Step 2 : the constraint laws are linearized:

δ = Aα(q1
free

)− Aα(q2
free

)� �� �
δfree

+hH1dv
cor
1 + hH2dv

cor
2 (2.8)

With dv
cor
1 and dv

cor
2 being the unknown corrective motions when solving equation

2.7 with b1 = b2 = 0. When gathering equations 2.7 and 2.8, we have:

δ = δfree
+ h2

�
H1A

−1
1 H

T
1 +H2A

−1
2 H

T
2

�
� �� �

W

λ (2.9)

Together with Signorini’s law (equation 2.1), we obtain a LCP. If it is combined with

Coulomb’s law (equation 2.3), a NLCP (Non-linear complementarity problem) is ob-

tained.

If the collision detection is based on minimal distances algorithms, position-based for-

mulation can be used, because the potential contacts can be set before being active in

the simulation. However, if a discrete collision algorithm is used, based on interpen-

etration detection, it has been observed that an approach based on velocities is more

stable (sometimes combined with a post-stabilization on positions). In that case, we

use:

δ̇ = H1v
free
1 −H2v

free
2� �� �

˙δfree

+h
�
H1A

−1
1 H

T
1 +H2A

−1
2 H

T
2

�
λ (2.10)

We obtain the value of λ using a Gauss-Seidel algorithm dedicated to the NLCP

created by contact and friction equations. Considering a contact α, among m instan-

taneous contacts, one can write the behavior of the model in contact space:

δα −Wαα λα� �� �
unknown

=

α−1�

β=1

Wαβ λβ +

m�

β=α+1

Wαβ λβ

� �� �
frozen

+ δfree
α (2.11)
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• Non-unique solution (mainly with rigid objects)

• Non-linearity
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solution than adapting the time step, according to the
“ratio” between the mass and the stiffness of body. In this
case, since the limit of the time step is known, we can adapt
the Gauss-Seidel-like iteration to satisfy the time step by
relaxing !2.

6.2 Delassus Operator with a Corotational
Global Approach

The approach proposed in [29] describes the motion of
deformable bodies. This model splits the global motion
(driven by a rigid model) from local relative displacement
(driven by a linear deformable model), as shown in Fig. 12.
Recent developments in corotational approaches can be
found in [30] and in [31]. We are using a global corotational
approach, which differs from the local one that might be
used for large deformations, see [32].

The rigid dynamic models can be written in their
generalized form (for details, see, for instance, [12]):

A!q"!qq # b!q; _qq" $ "external # "constraint; !28"

where A!q" is a mass and inertia matrix, q is the vector of
generalized degrees of freedom, b!q; _qq" the centrifugal and
Coriolis force vector, "external is the resultant of external
forces, and "constraint is the resultant of contact forces.

The methodology proposed in [12] is used to add the
rigid motion in the contact space. In this work, a Jacobian Jc
is introduced to map the motion space into the contact space
(for instance, the resultant "constraint of contact forces F is
computed with "constraint $ JT

c F ). This allows us to obtain
the acceleration of the gaps in the contact space due to rigid
motion:

!""rigid $ %JcA&1JT
c 'f # !""free: !29"

With the corotational global approach, the motion of one
point is the sum of its rigid motion in the global space and
its local deformation (3). Thus, the two models can be
summed into compliance within the contact space. The
linearized behavior of the models may be written as:

" $
X

i

HiCiH
T
i # Jc

A

#t2

! "&1

JT
c

" #

|############################{z############################}
%W '

f # "free: !30"

With this model, when the stiffness of the body
increases, the behavior tends to rigid body motion. And,
in the Delassus operator %W ', mass and stiffness are
decoupled. This is why this model allows stable haptic

feedback and real-time simulation with an arbitrary choice
of time step.

As an additional justification, we recall that modeling a
body as rigid or as deformable is not a matter of the object’s
intrinsic properties. Indeed, themodel depends rather on the
ways each object is constrained and the nature of these
constraints. In most cases, a rigid model is a valid simplifica-
tion only when the deformations can be neglected.

6.3 “Quasi-Rigid” Application

Using a corotational global model, our method includes
frictional rigid contacts in the limit of increasing stiffness. In
this case, the deformable part can only be seen as a
physically plausible mechanical compliance that solves part
of the indetermination that appears when Coulomb’s
friction law is adopted.

Indeed, it is known that, in rigid body mechanics,
frictional extensions lead to nonunique solutions [23], [25]
that, however, respect Coulomb’s law and result in the
same rigid motion, as shown in Fig. 13. These nonunique-
nesses usually induce convergence problems. The nonlinear
Gauss-Seidel method is able to obtain one result even if
there is more than one solution, but the solution is
influenced by the contact treatment ordering.

Very recent work [33], [34] has proposed adding small
deformations to rigid objects in order to add sufficient
degrees of freedom and to obtain solutions which are
always unique and smoother. Our approach can be used in
exactly the same way. However, what distinguishes our
method from previous ones is that we use a mechanical
compliance based on an FEM model, leading to more
plausible results.

7 FORCE FEEDBACK COMPUTATION AND STABLE

HAPTIC FEEDBACK ISSUES

The models and algorithms we described have been
implemented, packaged, and experimented with haptic
feedback scenarios. First, the coupling used to allow haptic
feedback on a corotational model is described. Then, snap-
in tasks with computations timing results are presented
together with our haptic set-up.

7.1 Force Feedback Coupling

Our approach here is a continuation of Adams and
Hannaford’s work [35], where the stability is straightfor-

DURIEZ ET AL.: REALISTIC HAPTIC RENDERING OF INTERACTING DEFORMABLE OBJECTS IN VIRTUAL ENVIRONMENTS 9

Fig. 12. Adapted from Felippa [30]. The motion of a deformable object
may be split in two parts: a deformable motion in its current configuration
and a rigid motion in the space.

Fig. 13. A rigid model in frictional contact with the floor. Friction cones
are represented by purple triangles and contact forces by brown arrows.
We show the solutions given by the Gauss-Seidel algorithm when only
the rigid model is considered (on the left) and when the corotational
global approach is used (on the right). Both solutions result in the same
behavior (the rigid body does not move), but with our method the contact
forces are much more realistic, from the physical viewpoint, and there is
only one solution.

k = 8

�f�t1
+ �f�t2

= −µfn ×
�δ�t1

+ �δ�t2

��δ�t1
+ �δ�t2

�

k

k






0 ≤ δ�n ⊥ f�n ≥ 0
0 ≤ λ + δ�t1

⊥ f�t1
≥ 0

0 ≤ λ + δ�tr
⊥ f�tr

≥ 0
0 ≤ µf�n −

�r
k=1 f�tk

⊥ λ ≥ 0

µ

6m × 6m m
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20 Authors Suppressed Due to Excessive Length

With !vc = !v!!vf. Together with equation (8), these equations compose a Mixed
Complementarity Problem that can be solved by a variety of solvers. We compute
the value of " using a projected Gauss-Seidel algorithm that iteratively checks and
projects the various constraint laws contained in # and $ [13].

Step 3, Corrective Motion: when the value of " is available, the corrective mo-
tion is computed as follows:

xt+h
1 = xf

1 +h!vc
1 with !vc

1 = A!1
1 HT

1 "
xt+h

2 = xf
2 +h!vc

2 with !vc
2 = A!1

2 HT
2 "

(12)

An AnimationLoop, typically placed at the top of the graph of SOFA, has the role
of imposing this new scheduling to the rest of the graph.

Fig. 13 Contact process using constraints: A unilateral constraint is placed at the level of the
contact points. The constraint direction is mapped to the degrees of freedom of the objects to obtain
matrix HT . The ConstraintCorrections components compute the compliance to obtain equation
11. The Constraint solver found a new value of " which is sent to the ConstraintCorrections to
compute an adequate corrective motion. The AnimationLoop is placed at the root of the simulation
graph to impose the steps of the simulation process.

Compliance computation : Equations 11 and 12 involve the inverse of matrix A
(called compliance matrix), which changes at every time step in case of a non-linear
model. Depending on the simulation case, computing this inverse could be time
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• A is a block tri-diagonal matrix... 

• Order the contact along the curvilinear abscissa

• Gauss-Seidel NLCP solver using unbuilt matrix H A-1HT:

• Interactive simulation of more than 200 beams with hundreds of contacts 

• Frictional contact between coil and vessel wall
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60 CHAPTER 2. CONSTRAINT-BASED MODEL. OF BIOMECHA. INTERACTIONS

2.3.1 Compliance of curved and flexible instruments modeled with beam

As presented in section 1.3, FEM beam model can be used to simulate the deformations
of catheters or guidewires during interventional radiology procedure. A key point for
simulating the navigation of these devices inside the blood vessels is the inclusion of
the contacts with the vessel walls. An accurate collision response, based on Signorini’s
and Coulomb’s laws, is particularly relevant for this type of application.

In the context of modeling curved and flexible instruments, we have presented, in
section 1.3.2, a fast solver based on the Block-Tri-Diagonal (BTD) structure of matrix
A. Indeed, the solver allows to compute the block-diagonal elements of matrix A

−1

with a linear complexity O(n). However, the contacts can appear all the way along the
catheter and are all coupled by the mechanical model of the device. Thus the matrix
W will be fully filled and the computation would possibly involve the whole matrix
A

−1 (it is the case when the device is in contact over its entire length, which is far
from being an unrealistic scenario). It leads to a quadratic complexity for obtaining
W before solving the NLCP. Moreover, the algorithm for solving the NLCP will also
have (in the best case) a quadratic complexity.

To reduce the computation of building and solving the NLCP at the same time, we
adapt the iterative algorithm based on a Gauss-Seidel scheme. In equation (2.23),
the terms Wαβ of matrix W (with α �= β) appear in a frozen part of the equation.
Only Wαα is absolutely necessary when visiting each contact at each iteration. If α
is a friction contact at node n along the the normal and tangential directions n

Hα =
{nα, tα, sα}, this local compliance is:

Wαα = n
Hα (A−1)nn

n
H

T
α (2.13)

The computation of Wαα can be very efficient, since we can compute all the block
diagonal elements (A−1)nn with a linear complexity (see equation 1.15). The frozen
part of the equation (2.23) can be rewriten using three summations: the first one groups
the other contacts that appear on the same node, the second groups the contacts that
appear on the upstream nodes (i ∈ [0 . . . n[) of the model and the third groups the
contacts on the downstream nodes (i ∈ ]n . . . N−1] with N the total number of nodes).

δα −Wααλα = n
H

T
α

�
(A−1)nn rn +

n−1�

i=1

(A−1)ni ri +
N−1�

i=n+1

(A−1)ni ri

�

� �� �
computed by substructure decomposition

+δfree
α (2.14)

Where ri is the sum of the contact reactions on the node i, i.e. ri =
�

β
i
H

T
βλβ. If the

contacts are sorted in ascending order along the structure, then the computation of
equation 2.14 can follow a similar algorithm than the one proposed in section 1.3.2: the
contact forces are accumulated along the structure and the complexity of one iteration
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section 1.3.2, a fast solver based on the Block-Tri-Diagonal (BTD) structure of matrix
A. Indeed, the solver allows to compute the block-diagonal elements of matrix A
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with a linear complexity O(n). However, the contacts can appear all the way along the
catheter and are all coupled by the mechanical model of the device. Thus the matrix
W will be fully filled and the computation would possibly involve the whole matrix
A

−1 (it is the case when the device is in contact over its entire length, which is far
from being an unrealistic scenario). It leads to a quadratic complexity for obtaining
W before solving the NLCP. Moreover, the algorithm for solving the NLCP will also
have (in the best case) a quadratic complexity.

To reduce the computation of building and solving the NLCP at the same time, we
adapt the iterative algorithm based on a Gauss-Seidel scheme. In equation (2.23),
the terms Wαβ of matrix W (with α �= β) appear in a frozen part of the equation.
Only Wαα is absolutely necessary when visiting each contact at each iteration. If α
is a friction contact at node n along the the normal and tangential directions n

Hα =
{nα, tα, sα}, this local compliance is:

Wαα = n
Hα (A−1)nn
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The computation of Wαα can be very efficient, since we can compute all the block
diagonal elements (A−1)nn with a linear complexity (see equation 1.15). The frozen
part of the equation (2.23) can be rewriten using three summations: the first one groups
the other contacts that appear on the same node, the second groups the contacts that
appear on the upstream nodes (i ∈ [0 . . . n[) of the model and the third groups the
contacts on the downstream nodes (i ∈ ]n . . . N−1] with N the total number of nodes).
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Where ri is the sum of the contact reactions on the node i, i.e. ri =
�
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contacts are sorted in ascending order along the structure, then the computation of
equation 2.14 can follow a similar algorithm than the one proposed in section 1.3.2: the
contact forces are accumulated along the structure and the complexity of one iteration
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• Computation of  W=H A-1HT on a volume deformable 
object ?
• In general, too long for real-time

• The main role of W is to get the mechanical coupling between contacts.

Saupin et al. CGI 2008 39

• Could we «precompute» A-1?
• No... as we are using non-linear model, A is changing

• Yes... but it is the approximation that the compliance is 
only «rotated» by deformation: A-1∼ R A0-1Rt
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• The compliance matrix can be approximated by preconditionning technique:

• Use of the (asynchronous) preconditioner technique

1. Repeat this operation, until get S = (LDL)-1HT

2. Finally, obtain the compliance matrix with:

Courtecuisse et al. MICCAI 2011

W

8

Complian
ceLDL

W = H (LDL)-1HT = H S 

40

GPU....
(tout à l’heure)
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MODEL AT ARBITRARY 

RESOLUTION

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches
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• Perspective and Conclusion

• Goal: reduce the size of W using less 
contact constraints

• Volume of Interpenetration instead of distance

• Algorithm

• Use GPU to render the simulation scene along 3 directions

• This generates a volumetric image

• From this image we identify the intersection volumes

• These volumes are used to compute the collision response 
(forces)

• Independent from the mesh resolution

• No additional cost to detect self-collisions

Allard et al. SIGGRAPH 2010 41
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of the friction force and TT
i be the basis that applies the force on

the DOFs in equal and opposite directions. Equation 4 becomes

A∆q̇ = b+ JTλ+
�

TT
i βi, (8)

but it is now subject to additional complementarity conditions.
Specifically, there is either tangential sliding at the contact, or the
contact force is not on the boundary of the friction cone, but not
both. For contact i, the pyramidal friction cone conditions can be
written

0 ≤ σi ⊥ µλi − eβi ≥ 0, (9)

0 ≤ βi ⊥ TT
i (q̇0 +∆q̇)− eTσi ≥ 0, (10)

where e = (1, 1, 1, 1), and the slack variable σi is nonzero when
there is sliding at the contact. One only needs the contact normals
to build a tangent space basis to set up these frictional contact equa-
tions. Note also that the friction constraint is not considered in the
post stabilization step.

3.2 Volume-Based Penalty Force

Let us briefly review the image-based collision response method
we extend in this work. The basic idea is to minimize the inter-
section volume between two polyhedra. The intersection volume is
computed on the GPU based on bounding pixels in the rasterization
of the object surfaces into Layered Depth Images (LDIs) [Heidel-
berger et al. 2003; Heidelberger et al. 2004]. This data structure
uses a stack of images to represent the object sufaces as discrete
height fields. The necessary number of images depends on the
number of surface layers in the chosen viewing direction. Each
pixel stores the surface depth in the viewing direction, as well as
additional data such as normal orientation or object index. By sort-
ing the depths stored in the different images at each pixel (i, j),
we obtain the ordered list of surface intersections with a ray paral-
lel to the viewing direction. Along the ray, each object volume is
represented by one or several depth intervals between entry points
and exit points. Collision detection is straightforward based on in-
terval intersections. One LDI in an arbitrary viewing direction is
sufficient to detect collisions between volumetric objects. Comput-
ing the gradient of the intersection volume requires three LDIs in
mutually orthogonal directions [Faure et al. 2008]. At left in Fig-
ure 1 is a depiction of LDI volume models using red, green, and
blue pixels to denote x, y, and z viewing directions, respectively.
The corresponding intersection volumes are shown in the second
image of the same figure. Figure 3 represents a slice of an intersec-
tion volume. The rasterization can be done in any direction, but
for simplicity we assume an orthogonal projection along one of the
primary axes. Thus, the volume computed using a z projection is

V = a
�

(i,j)∈S+
z

z+ij − a
�

(i,j)∈S−
z

z−ij , (11)

where a is the area of a pixel, z+ij and z−ij are the upper and lower
pixel depths, and the sets S+

z and S−
z respectively contain the pixel

locations (i, j) of the upper and lower contact surfaces.

The derivative of the volume with respect to the depth of a given
triangle vertex k represents the variation of the volume size corre-
sponding to a unit displacement of the vertex in the viewing direc-
tion,

∂V
∂pz

k

= a
�

(i,j)∈S+
z

∂z+ij
∂pz

k

− a
�

(i,j)∈S−
z

∂z−ij
∂pz

k

. (12)

where pz
k is the z coordinate of vertex number k. Conveniently, the

scalar ∂zij(p)/∂pz
k at a given pixel corresponds to the barycentric
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Figure 3: A 2D slice of an LDI showing the intersecting object vol-

umes of two objects. Here, the LDI viewing direction is the z axis.

Vertices are labeled p, while pixels are shown with horizontal lines

in different columns. The intersection volume appears in purple,

and is bounded by sets of surface pixels, S+
on top, and S−

on

bottom (dotted lines).

coefficient used to interpolate the depth value from the depth at
vertex k (that is, the value is readily available in the GPU during
rasterization). If the vertex pk is not part of the triangle containing
the pixel then the partial derivative is zero. For most vertices, the
gradient receives a contribution from at most one contact surface,
either S+

z or S−
z , but some vertices receive contributions of both,

such as p3 in Figure 3.

Given only a projection in z, it is not possible to use the barycentric
weights to accurately compute the other partials, ∂zij(p)/∂px

k and
∂zij(p)/∂py

k. Thus, we use LDIs with projections along the other
two axes to compute derivatives with respect to the other vertex
coordinates. For each axis, the sums over pixels for the volume
and gradient computation are done simultaneously. This is done
three times for the three LDIs. That is, the volume is accumulated
three times (and subsequently corrected by 1

3 ), while its derivative
with respect to the coordinate of each vertex is accumulated into the
gradient vector,

∂V
∂p

=

�
∂V
∂p1

...
∂V
∂pn

�
, (13)

∂V
∂pk

=

�
∂V
∂px

k

∂V
∂py

k

∂V
∂pz

k

�
, (14)

where x, y, z are the three successive LDI viewing directions.

Faure et al. [2008] apply a repulsion force derived from a volume-
based potential, E = 1

2kV
2, i.e., a soft constraint. Thus, the force

on vertex pi is the transpose of

− ∂E
∂pi

= −kV ∂V
∂pi

(15)

In this paper, we exploit the volume and its gradient differently, but
they remain the only necessary geometric values.

When the independent DOFs q are not directly the vertex positions
p, as in the case of rigid bodies or detailed surfaces embedded in
coarse deformable models, we use the chain rule to differentiate the
intersection volume with respect to the DOFs: ∂V

∂q = ∂V
∂p

∂p
∂q .

4 Volume-Based Contact Constraints

In this section, we present a new way of handling contact and
friction by defining constraints based on the intersection volume
and volume derivative. We first reformulate the Signorini condi-
tion in order to obtain an equivalent complementarity problem be-
tween contact reaction pressures and interpenetration volume. This
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Figure 1.25: Vascularized sample tensil test: Left : Experimental setup, Middle: conventional
FEM, Right : mapped beam and tetrahedral FEM.

the force response. The increase in apparent stiffness seems proportional to the size of
the vessel, even if the number of good experiments were too small to have statistics.

Numerical Simulation of Vascularized Tissue We performed several numerical
tests to validate the coupling method and compare with experiments. In the simula-
tion, the parenchyma is modeled using a corotational non-linear elastic model (most
studies agree on a viscoelastic behavior but we are focusing on the static equilibrium
under some specific loading conditions). For modeling the vessel, we compared two
different numerical strategies:

• the first is conventional and consist in using graded tetrahedral meshes having
37, 000 and 52, 000 elements to discretize the thin vessel wall correctly (sam-
ples with smaller and larger vessel, respectively). Parenchyma and vessels are
discretized in a unique mesh but with different stiffness. The Young modulus
is based on estimated values from experiments 3.5 kPa for the parenchyma vs.
1.1MPa and 1.4 MPa (respectively) for the small and the large vessel walls (see
Figure 1.25 middle)

• the second uses the method of coupling between tetrahedral elements for the
parenchyma and beam elements for the vessel walls. We tested with a mesh of
1160 elements for the parenchyma and 2 beams for the vessel. We did a second
test with only 170 elements for the parenchyma and still 2 beams for the vessel
(see Figure 1.25 right).

The objective is to validate the numerical accuracy of the composite model. The
number of elements used in the first strategy corresponds to a solution for which
FEM has converged. It can be used as a reference to verify that the second strategy
is accurate. For the mesh with 1160 elements, the relative errors between the force
responses computed by standard and composite FEM was 6.5% and 2.45% for smaller
and larger vein, respectively. For the very simplified mesh with 170 elements, the
relative error in force responses of 9% and 4.6%. The accuracy of the composite model
is emphasized by the fact that the error was significantly lower for samples with large

44 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Mechanical coupling between vessel and parenchyma The parenchyma is dis-

cretized with tetrahedral mesh and deformed using standard FEM. Since no relative

motion between the vessels and parenchyma is observed in reality, the interaction be-

tween the two structures can be modeled with an holonomic constraint: Thus, we

can reduce the DoFs of the system by constraining the vessel node positions to follow

the displacements of the parenchyma. Reciprocally, the force contribution due to the

deformation of the vessel is propagated to the parenchyma. The mapping of forces is

based on the principle of virtual work.

Each node of the volume model has 3DoFs whereas each node of the beam elements

has 6DoFs (3 translations and 3 rotations). Consequently the mapping is based on a

polar decomposition of the tetrahedron motion, as illustrated in figure 1.24:
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Fig. 1: Mapping between 6DoF beam node and tetrahedron in initial and rotated
positions.

a linear expression of the stress-strain relationship. Different methods exist for
computing the local rotation of each element; in this paper we use a geometric
approach proposed in [10]. In a co-rotational model the stiffness matrix K de-
pends on the deformation u and the equation relating the external forces to the
displacements can be written as f = K(u)u. The system of equations is solved
either by direct solver or iteratively using the Conjugate Gradient method.

2.2 Vessel model

As a first step towards a mechanical model of vessels, a continuous representation
of vascular structures is constructed. Using segmented data of a vessel tree,
points along centerlines of each vessel branch are selected. This task can be
performed either manually or automatically, e.g. with VMTK. Each branch can
be represented as a series of cubic Bezier curves fitted to the centerline points:
the series begins in a starting point of the branch and ends either in another
branching point or in the endpoint of the branch.

A set of interpolated points is constructed using the Bezier curves; positions
of the interpolated points can be chosen arbitrarily along each branch dividing
it into intervals with a constant or varying length. For each interpolated point
we calculate its orientation given by the tangent and normal of the Bezier curve
in that point.

The interpolated points are used as nodes of serially linked beam elements,
similarly as proposed by Duriez et al. [11] for simulating catheters and guidewires.
This model shares some similarities with the co-rotational model described above,
and in particular allows for geometrically non-linear deformations [12]. We intro-
duce some modifications to the model to take into account the particular nature
of vessels, in particular through specific cross section profiles and moments of
inertia. The static formulation for the deformation of a beam is described by
a system similar to the one used for the paranchyme, with the difference that
each node is described with six degrees of freedom, three of which correspond
to the spatial position, and three to the angular position of the node in a global
reference frame (see figure 1b).

Figure 1.24: Mapping between 6DoF vascular node (node of the beam model in pink) and a
tetrahedron.

In vitro Measurements of Vascularized Sample Response While some studies on

liver tissue have been conducted in the past, few actually focused on the evaluation

of mechanical properties of hepatic veins. In Umale et al. (2011) tensile tests on

porcine hepatic veins are presented. Nevertheless there is no experiments evaluating

the influence of vascularization on mechanical behavior and elastic response of the soft

tissue. To address this gap, we conducted a series of tensile tests on fresh porcine liver

on homogeneous and heterogeneous samples with single straight vessel.

The experimental setup is shown in Fig. 1.25(left). Obtaining reliable measurements

was particularly challenging as during loading, either tissue damage or glue failure

occurred in many samples. Only three representatives results were selected for the

quality of the experiment (one homogeneous sample and two heterogeneous). The

apparent Young modulus measured on the three samples (3.5 kPa without vessel,

8.54kPa with a vessel of diameter 5mm and 14.41kPa with a vessel of diameter of

8mm), indicates that the presence of the vein inside the sample affects significantly
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Figure 1.26: Vascularized model of liver: (a) initial position with mapped vascular trees,
(b)(c) deformation of liver (stiffness 3500 kPa and 15000 kPa, respectively) under gravity
(green: non-vascularized model, red: vascularized model)

vascularization that has more important influence on the overall elastic response.

In order to demonstrate the efficiency of the algorithm, we performed a simulation

of entire liver: here, the parenchyma was discretized into 2620 tetrahedra and two

vascular trees were modeled inside the liver: hepatic vein (composed of 257 beams)

and hepatic portal vein (modeled with 57 beams). The tetrahedral mesh was fixed on

surface close to the entrance of the hepatic vein. Gravitational loading was applied on

the liver, resulting in large displacements. Two different simulations were performed:

first, the liver was modeled without any embedded vascularization, second, both hep-

atic vein and portal hepatic vein were included in the composite model. For both

cases, refresh rate of 60 FPS was achieved on PC with CPU Intel CPU i7 running

at 2.00GHz. To help the convergence, we make use of the preconditioner presented

above. The resulting deformations are depicted in Fig. 1.26, showing an important

difference for vascularized and non-vascularized organ.

The experiments presented in the evaluation section confirm that vascular structures

play an important role in tissue behavior. However, we demonstrate that we have a

numerical solution, compatible with real-time, to simulate the influence of vascular

tree in the mechanical behavior of the liver.

Conclusion: We have highlighted three numerical strategies for the simulation of

volume soft-tissues in real-time: Two are dedicated to the solver with a multigrid

approach and the asynchronous preconditioner technique. The last one is a numerical

coupling of the vascular stiffness with the soft-tissue models. The problem of mod-

eling soft-tissue deformations is still very active: we have recently started a Ph.D.

(Julien Bosman) on modeling the connective tissues. Moreover, in the context of the

collaboration with the Laboratoire de Méchanique de Lille (Ph.D. of Zhifan Jiang and

Mouhamadou Diallo) we will develop models based on more complex constitutive laws

and inverse simulation tools to retrieve the parameters from patient data.
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Figure 1.25: Vascularized sample tensil test: Left : Experimental setup, Middle: conventional
FEM, Right : mapped beam and tetrahedral FEM.

the force response. The increase in apparent stiffness seems proportional to the size of
the vessel, even if the number of good experiments were too small to have statistics.

Numerical Simulation of Vascularized Tissue We performed several numerical
tests to validate the coupling method and compare with experiments. In the simula-
tion, the parenchyma is modeled using a corotational non-linear elastic model (most
studies agree on a viscoelastic behavior but we are focusing on the static equilibrium
under some specific loading conditions). For modeling the vessel, we compared two
different numerical strategies:

• the first is conventional and consist in using graded tetrahedral meshes having
37, 000 and 52, 000 elements to discretize the thin vessel wall correctly (sam-
ples with smaller and larger vessel, respectively). Parenchyma and vessels are
discretized in a unique mesh but with different stiffness. The Young modulus
is based on estimated values from experiments 3.5 kPa for the parenchyma vs.
1.1MPa and 1.4 MPa (respectively) for the small and the large vessel walls (see
Figure 1.25 middle)

• the second uses the method of coupling between tetrahedral elements for the
parenchyma and beam elements for the vessel walls. We tested with a mesh of
1160 elements for the parenchyma and 2 beams for the vessel. We did a second
test with only 170 elements for the parenchyma and still 2 beams for the vessel
(see Figure 1.25 right).

The objective is to validate the numerical accuracy of the composite model. The
number of elements used in the first strategy corresponds to a solution for which
FEM has converged. It can be used as a reference to verify that the second strategy
is accurate. For the mesh with 1160 elements, the relative errors between the force
responses computed by standard and composite FEM was 6.5% and 2.45% for smaller
and larger vein, respectively. For the very simplified mesh with 170 elements, the
relative error in force responses of 9% and 4.6%. The accuracy of the composite model
is emphasized by the fact that the error was significantly lower for samples with large
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Mechanical coupling between vessel and parenchyma The parenchyma is dis-

cretized with tetrahedral mesh and deformed using standard FEM. Since no relative

motion between the vessels and parenchyma is observed in reality, the interaction be-

tween the two structures can be modeled with an holonomic constraint: Thus, we

can reduce the DoFs of the system by constraining the vessel node positions to follow

the displacements of the parenchyma. Reciprocally, the force contribution due to the

deformation of the vessel is propagated to the parenchyma. The mapping of forces is

based on the principle of virtual work.

Each node of the volume model has 3DoFs whereas each node of the beam elements

has 6DoFs (3 translations and 3 rotations). Consequently the mapping is based on a

polar decomposition of the tetrahedron motion, as illustrated in figure 1.24:
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Fig. 1: Mapping between 6DoF beam node and tetrahedron in initial and rotated
positions.

a linear expression of the stress-strain relationship. Different methods exist for
computing the local rotation of each element; in this paper we use a geometric
approach proposed in [10]. In a co-rotational model the stiffness matrix K de-
pends on the deformation u and the equation relating the external forces to the
displacements can be written as f = K(u)u. The system of equations is solved
either by direct solver or iteratively using the Conjugate Gradient method.

2.2 Vessel model

As a first step towards a mechanical model of vessels, a continuous representation
of vascular structures is constructed. Using segmented data of a vessel tree,
points along centerlines of each vessel branch are selected. This task can be
performed either manually or automatically, e.g. with VMTK. Each branch can
be represented as a series of cubic Bezier curves fitted to the centerline points:
the series begins in a starting point of the branch and ends either in another
branching point or in the endpoint of the branch.

A set of interpolated points is constructed using the Bezier curves; positions
of the interpolated points can be chosen arbitrarily along each branch dividing
it into intervals with a constant or varying length. For each interpolated point
we calculate its orientation given by the tangent and normal of the Bezier curve
in that point.

The interpolated points are used as nodes of serially linked beam elements,
similarly as proposed by Duriez et al. [11] for simulating catheters and guidewires.
This model shares some similarities with the co-rotational model described above,
and in particular allows for geometrically non-linear deformations [12]. We intro-
duce some modifications to the model to take into account the particular nature
of vessels, in particular through specific cross section profiles and moments of
inertia. The static formulation for the deformation of a beam is described by
a system similar to the one used for the paranchyme, with the difference that
each node is described with six degrees of freedom, three of which correspond
to the spatial position, and three to the angular position of the node in a global
reference frame (see figure 1b).

Figure 1.24: Mapping between 6DoF vascular node (node of the beam model in pink) and a
tetrahedron.

In vitro Measurements of Vascularized Sample Response While some studies on

liver tissue have been conducted in the past, few actually focused on the evaluation

of mechanical properties of hepatic veins. In Umale et al. (2011) tensile tests on

porcine hepatic veins are presented. Nevertheless there is no experiments evaluating

the influence of vascularization on mechanical behavior and elastic response of the soft

tissue. To address this gap, we conducted a series of tensile tests on fresh porcine liver

on homogeneous and heterogeneous samples with single straight vessel.

The experimental setup is shown in Fig. 1.25(left). Obtaining reliable measurements

was particularly challenging as during loading, either tissue damage or glue failure

occurred in many samples. Only three representatives results were selected for the

quality of the experiment (one homogeneous sample and two heterogeneous). The

apparent Young modulus measured on the three samples (3.5 kPa without vessel,

8.54kPa with a vessel of diameter 5mm and 14.41kPa with a vessel of diameter of

8mm), indicates that the presence of the vein inside the sample affects significantly
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Figure 1.26: Vascularized model of liver: (a) initial position with mapped vascular trees,
(b)(c) deformation of liver (stiffness 3500 kPa and 15000 kPa, respectively) under gravity
(green: non-vascularized model, red: vascularized model)

vascularization that has more important influence on the overall elastic response.

In order to demonstrate the efficiency of the algorithm, we performed a simulation

of entire liver: here, the parenchyma was discretized into 2620 tetrahedra and two

vascular trees were modeled inside the liver: hepatic vein (composed of 257 beams)

and hepatic portal vein (modeled with 57 beams). The tetrahedral mesh was fixed on

surface close to the entrance of the hepatic vein. Gravitational loading was applied on

the liver, resulting in large displacements. Two different simulations were performed:

first, the liver was modeled without any embedded vascularization, second, both hep-

atic vein and portal hepatic vein were included in the composite model. For both

cases, refresh rate of 60 FPS was achieved on PC with CPU Intel CPU i7 running

at 2.00GHz. To help the convergence, we make use of the preconditioner presented

above. The resulting deformations are depicted in Fig. 1.26, showing an important

difference for vascularized and non-vascularized organ.

The experiments presented in the evaluation section confirm that vascular structures

play an important role in tissue behavior. However, we demonstrate that we have a

numerical solution, compatible with real-time, to simulate the influence of vascular

tree in the mechanical behavior of the liver.

Conclusion: We have highlighted three numerical strategies for the simulation of

volume soft-tissues in real-time: Two are dedicated to the solver with a multigrid

approach and the asynchronous preconditioner technique. The last one is a numerical

coupling of the vascular stiffness with the soft-tissue models. The problem of mod-

eling soft-tissue deformations is still very active: we have recently started a Ph.D.

(Julien Bosman) on modeling the connective tissues. Moreover, in the context of the

collaboration with the Laboratoire de Méchanique de Lille (Ph.D. of Zhifan Jiang and

Mouhamadou Diallo) we will develop models based on more complex constitutive laws

and inverse simulation tools to retrieve the parameters from patient data.
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• Mouvement Libre

• Formulation des contraintes

• Résolution

• Correction x = xfree +Dx
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On utilise le préconditionneur asynchrone pour approximer 
la matrice inverse:

1. Comme on a un très bon préconditionneur, on a une 
très bonne approximation de la matrice du LCP 

2. Préconditionneur appliqué sur chaque colonne de HT 
On obtient: S = (LDL)-1HT

3. Matrice de compliance par multiplication H S

Courtecuisse et al. MICCAI 2011

W

8

On obtient: W = H (LDL)-1HT 
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Parallélisation:

• Premier niveau: Résolution séparée pour chaque contrainte 

• Deuxième niveau: Application de la factorisation LDL

On utilise le préconditionneur asynchrone pour approximer la matrice inverse:

W
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• Contacts sur des objets avec propriétés mécaniques hétérogènes

• Validation par comparaison avec la solution exacte 

• Temps de calcul très réduit par rapport au calcul exact sur CPU

• [MICCAI 2011] [Journal Medical Image Analysis 2013]

• Transfert: Licence du module de calcul pour la start-up InSimo
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Vert: solution exacte
Bleu/rouge: notre méthode
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• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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HAPTIC FEEDBACK OF 
SIMULATED PROCEDURE

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• Stability: Haptic device is a robotic arm !! The control must be stable 

➡  When coupling with SOFA, simulation must be robust to any gesture of the user !

➡ Related to passivity: the simulation and the control should never add energy to the system...

➡  Time step must be as small as possible (as delay creates energy): often use of 500Hz / 1kHz

• Transparency:  the force that is transmitted to the user is supposed to be the actual force, 
computed in the simulation

➡  Computation of forces in the simulation must be correct + the control should not perturb the rendering

➡ Problem with Damping forces; Damping helps the stability but is very bad for transparency

➡ In our context, haptic rendering mainly comes from mechanical interactions:  haptic algorithm must be as close as possible to 
interaction models 

53
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HAPTIC FEEDBACK OF 
SIMULATED PROCEDURE

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• Use of «Impedance» (reversible) robots

• Direct coupling... no !

• Virtual coupling method

• Constraint-based approach (god-object approaches)
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MULTIRATE COMPLIANT 
MECHANISMS

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• Mechanisms

• Support an extensive number of interaction types,

• Versatile definition of constraint laws (adequate force/motion 
transmission model).

• Multirate

• Build and simulate the mechanisms at low rates

• Share with the haptic loop

• Recompute at high rates for an intuitive and passive control.

• Compliant

• Use the mechanical coupling between interaction spots,

• Build compliance matrices based on physical models, 

• Handle both deformable and rigid objects.

Peterlik et al. IEEE Trans on Haptics 2011

Saupin et al. ISBMS 2008
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MULTIRATE COMPLIANT 
MECHANISMS

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

Peterlik et al. IEEE Trans on Haptics 2011

Saupin et al. ISBMS 2008
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3.2. CONSTRAINT-BASED HAPTIC RENDERING FOR MEDICAL SIMULATION 105

>30 Hz >500 Hz

Simulation loop 

Motions, Deformations

Compliant Mechanisms

Constraint-based response

Correction (Motions, Deformations)

Compliant Mechanisms

Constraint-based update

 Shared 
Data

Haptic loop 

Device position

Control Spring update

Haptic Force Computation

mardi 7 juin 2011

Figure 3.12: Communication between haptic and simulation loops

in Dehghan et al. (2008), they measure the forces when inserting a needle in a phantom
cube made of silicone. We compared the force profile that is obtained in the haptic
loop with the data measured. The results show that the profile in the simulation is
very similar to the experimental results.

Figure 3.13: Four snaspshots of the simulation of needle insertion. Haptic rendering allows

to feel the puncturing, the cutting, the friction and the sliding forces due to the interaction

between the flexible needle and both abdominal wall and liver models.

Second, we realized the simulation of a liver biopsy in order to illustrate that the
method allows for stable and realistic haptic rendering on quite complex simula-
tion. the needle is first inserted into a deformable object representing the abdom-
inal wall. After puncturing the wall, the needle is further inserted into 3D de-
formable model of liver (see figure 3.13). This simplified simulation allows to illus-
trate the different interactions (penetration constraint, cutting force at the tip of
the needle, friction forces...) that are modeled and applied to the haptic render-
ing. Then we used the same method in a more realistic simulation of a liver biopsy.

 W, δfree, λ and constraints law
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TOWARDS 
ASYNCHRONOUS 

SIMULATION

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

Peterlik et al. IROS 2011

• Fast bending/streching transition
• Wire needs to be simulated at high rates

• The other deformable models are simulated at low rates

• Asynchronous strategy:
• The thread is simulated at haptic rates (> 500 Hz)
• The remaining of simulation at low rates (> 25 Hz)

• Preliminary results:
• Constraints computed at both low and high rates ! 

• about 20 beams at 1000Hz
• Limited to quasi-static behaviors

• Ongoing work on dynamic models
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Device Position Update

Unconstrained Motion

Constraint and Compliance Update

Timed Constraint Resolution

Corrective Motion

Haptic Force Calculation

unconstrained high-rate
position Hxfreec

high-rate compliance HWc

unconstrained, constrained 
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and forces L! ,L"
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• Haptic rendering and multithreading approaches
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APPLICATIONS,
ONGOING RESEARCH PROJECTS

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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Interventional Neuro-Radiology

Deep-Brain Stimulation

APPLICATIONS,
ONGOING RESEARCH PROJECTS

• Applications, ongoing research projects

• Perspective and Conclusion

Cataract Surgery

Middle ear Surgery

Dental Surgery

Cardiac electrophysiology simulation

Liver Modeling

Prolapsus Surgery (Pelvic system)

Flexible needle insertion 

Abdominal Laparoscopy
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PLANNING SYSTEM FOR 
PROLAPSUS SURGERY

• Applications, ongoing research projects

• Perspective and Conclusion

• Collaboration with CHRU Lille and LML 

• Understand the prolapsus by simulation

• LML experience on modeling: hyperelastic 
constitutive law based on hundreds of 
mechanical tests on tissues.

• Simulation of the multi-organ pelvic system

• Comparison between simulation and 
pathologic dynamic MRI

• Personalized simulation

• Anatomical models from patient data

• Inverse simulation for parameter 
identification 

• Influence on the surgery choices

59
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(b) Transfer function results.

Fig. 2. Evaluation of the mechanical behavior in physiological condition of our atlas
using the transfer function analysis.

The TFA result provides the stapes footplate velocity transfer function (STF)
which is increasing for frequency below 1000 Hz and decreasing for higher fre-
quency (Fig. 2(b)). This characteristic shape is also observed by other FEM
simulation [8] (but non targeted towards real-time application). The mean re-
sults and the confident interval of several human temporal bone experiments are
reported [11]. We observe that results are within the range of the human tem-
poral bone experiments. The large repartition of the TFA reported by Rosowski
et al. is explained by the individual anatomical variability of the middle ear
components and by the storage condition of the specimens. This test assesses
the dynamic behavior provided by our model at di!erent frequencies (which is
linked to the mass and sti!ness values) but the deformations are limited to small
displacements.
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• Perspective and Conclusion

NEW NUMERICAL 
CHALLENGES...

• Towards real-time predictive simulation
• Include more sophisticated models from mechanics with measurable parameters

• Better management of the computing ressources 

• Online estimation of the numerical errors.

• Improve and assess the code quality

• From patient data to simulation models...
• Adapt segmentation / registration tools to simulation requirements

• Use new modalities of images (Ultrasound / MRI Elastography) to fuse geometrical and available 
mechanical information. 
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• Perspective and Conclusion

NEW NUMERICAL 
CHALLENGES...

• Adapt the numerical methods to the needs of the simulation

• Better distribution of the computational effort 

• Adaptive discretization (solve the problem of cutting...)

• Dynamic adaptations of the models

• Accuracy and validation 
• Validate the implementation 

• Online estimation of the numerical errors

• Influence of «small» structures
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• Perspective and Conclusion

PARAMETRIZATION AND
(REAL-TIME) INVERSE 

METHODS
• Patient bio-mechanical parameters

• Models should have less parameters / parameters that we could really obtain !
• Extend «elastography» to interacting non-linear models
• For per-operative guidance: on-line correction of the parameters & simulation course

•  no divergence with reality

•  the simulation remains predictive for the following step of the procedure

• Bridge with robotics...
• Plan the robotic procedures using simulation 
• Deformable robots in a surgical environments  

• Difficulties of control
• Many degrees of freedom

• Interaction with deformable anatomy 

• Preliminary results using simulations

(patent deposit in progress...) 

Duriez ICRA 2013 64
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ANY QUESTION ?
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