Implicit Methods

David Baraftt.




“Give me Stabllity
or
Give me Death”

— Baraff’'s other motto




stability is all stability is all stability is all

* |f your step size Istoo big, your simulation
blows up. It isn’t pretty.

e Sometimes you have to make the step size so
small that you never get anyplace.

» Nasty cases. cloth, constrained systems.




stability is all stability is all stability is all

* |f your step size Istoo big, your simulation
blows up. It isn’t pretty.

e Sometimes you have to make the step size so
small that you never get anyplace.

» Nasty cases. cloth, constrained systems.
e Solutions;
—Now: use explosion-resistant methods.
—L_ater: reformulate the problem.




A very simple equation

A 1-D particle governed by x = —kx wherek is
a stiffness constant.




Euler's method has a speed limit

AX = —hkx
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h> 1/k: oscillate. h > 2/k: explode!




Stiff Equations

* |n more complex systems, step size is limited
by the largest k. One stiff spring can screw it
up for everyone else.

e Systems that have some big k's mixed in are
calledstiff systems.




A Stiff Energy Landscape




Example: particle-on-line

e A particle P in the plane. [fX,fy]
e Interactive “dragging” = /

force f, f,].
e A penalty force [0,—kyj

triesto keep P on the x-

axis.




Example: particle-on-line

e A particle P in the plane. [fX,fy]
e Interactive “dragging” B /
force f, f,].

e A penalty force [0,—kyj
triesto keep P on the x-

axis. [O, —ky]

e Suppose you war? to stay within a miniscule of the
X-axis when you try to pull it off with a huge for€e, .

 How big doexk have to be? Howmall musth be?




Really big k. Really small h.

P
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Really big k. Really small h.

P

Answer: h has to be so small thRtwill
never move more than per step.

Result: Your simulation grinds to a halt.
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Explicit Integration
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(Explicit) Euler Method

X(to +h) = x(ty) + hX(to)




Implicit Euler Method

X(ty +h) = X(tg) + hX(tg + At)




Implicit Euler for x=—kx

X(t + h) = x(t) + hx(t + h)
= X(t) — hkx(t + h)

_ X(t)
1+ hk




One Step: Implicit vs. Explicit

1
Implicit Euler Step: ~ X(h) = ——
mplicit Euler Step (h) TohK
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AX(tp) =

Large Systems

X(t) = ).((t) = f (X(t))

q§<(to +At) = h f (X(ty + At))

1 f(X(tg) + AX(to))




Implicit Integration




Implicit Integration
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Implicit Integration (Big Step)




(Linearized) Implicit Integration

X(t) = f (X(t))

AX =hf(Xq +AX)

of [0

f(XO)+B&E€X




Single-Step Implicit Euler Method

of [0

f(xo)+E&BAX

3 [ :
i _ha_x K(to) X = hX(tp)

. J/
4

NXN sparse matrix




o |Vlatiix structure refilects fiorce-coupling:
(I5))th entryexists i f; depends on X J-

e Conjugate gradient agoeod fiirst cholce

e [sthis alot of work?
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